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UNIMODULAR GRAPHS AND EISENSTEIN SUMS 


BOGDAN NICA 


Abstract. Motivated in part by combinatorial applications to certain sum-product phe¬ 
nomena, we introduce unimodular graphs over finite fields and, more generally, over finite 
valuation rings. We compute the spectrum of the unimodular graphs, by using Eisenstein 
sums associated to unramified extensions of such rings. We derive an estimate for the num¬ 
ber of solutions to the restricted dot product equation a • b — r over a finite valuation ring. 
Furthermore, our spectral analysis leads to the exact value of the isoperimetric constant 
for half of the unimodular graphs. We also compute the spectrum of Platonic graphs over 
finite valuation rings, and products of such rings - e.g., Z/(A^). In particular, we deduce 
an improved lower bound for the isoperimetric constant of the Platonic graph over Z/(A^). 


1. Introduction 

1.1. Unimodular graphs over finite fields. This paper is concerned with adjacency spectra 
of certain finite graphs. One reason for being interested in such spectral computations is that 
they provide interesting combinatorial consequences. So, by way of motivation, let us start with 
an application to sum-product phenomena in finite fields that can be approached in this way. 

Let E be a field with q elements, where g is a power of a prime. Throughout, we assume that 
q is odd. Consider the n-dimensional space E", where n > 2, and endow it with the dot product 
a ■ b = aibi + ■ ■ ■ + a„bn- The problem we want to address is that of estimating the number of 
solutions for the equation a - b = r, namely 

Nr{A,B) = l{(a,6) e A X B a ■ b = r}\, 

for given r £ F and non-empty A, B £ F". The expected value for Nr{A,B) is q“^|A||E|, so 
what we are aiming for is rather an upper bound for the deviation from the expected value. 
Once we have such control, we may derive in particular sufficient conditions that guarantee 
Nr{A,B) > 0, that is, r £ A ■ B = {a ■ b : a £ A,b £ B}. We find it preferable to formulate 
such conditions in a relative, normalized way rather than in absolute terms. Namely, we let 
S{A) = |A|/|E”| denote the density of a subset A C F". 

Theorem 1.1. We have 

|iVi(A,E) - g-i|A||E|| < 

In particular, 1 £ A - B whenever (5(A) 5{B) > q~^"'~^\ 

By scaling A or B, we immediately see that the same holds for each non-zero r £ E in place 
of 1. When r = 0, we may apply the above bound to A x {1}, B x {1} C We thus get the 

following. 

Corollary 1.2. For each r £ F we have 

\Nr{A,B)-q-^\A\\B\\ 

In particular, A - B = F whenever 5(A) 5{B) > 
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Theorem 11.11 and Corollary 11.21 improve results of Hart-Iosevich m and Hart-Iosevich-Koh- 
Rudnev |151 Tlim.2.1, Cor.2.4], respectively Sarkozy |191 Thm.l, Cor.l] and Gyarmati-Sarkozy 
| 13l Thm.2, Cor.2]. The authors of |141115 | describe their method as ‘discrete Fourier analysis’, 
while the authors of [HUS] describe theirs as ‘character sum estimates’. These two methods 
have, of course, considerable overlap. Herein the reader will find a proof of Theorem 11.11 from the 
perspective of spectral graph theory. A worthwhile point to make is that this is not as distinct 
a method as it may sound. On the one hand, one often has to deal with character sums when 
investigating eigenvalues for graphs of algebraic origin. On the other hand, the relevance of 
eigenvalues to counting problems is a Fourier analytic result. In itself, the idea that Theorem ll.il 
can be approached via spectral graph theory is certainly not new, cf. [T51 Rem.2.2], Vinh [2^ 
for the problem at hand. The novelty is in the improved bounds and, as we will now explain, in 
our approach to the spectrum of the relevant graphs. 

The counting problem we are interested in suggests that we should consider the following two 
families of graphs. As usual, F* stands for the non-zero elements in F; more generally, (F")* 
denotes the non-zero vectors in F". 

Definition 1.3. For n > 2, let Um(T") denote the bipartite graph on two copies of {F")*, in 
which vertices a, and bo are adjacent whenever a ■ 6 = 1. For n > 3, let Umo(F'”) denote the 
bipartite graph on two copies of the projective space {F'^)*/F*, in which vertices [o], and [fojo 
are adjacent whenever a - b = 0. 

The notation reflects the fact that Um(F") and Umo(F”*) are unimodular graphs, a name 
that will be justified later on, when we generalize the construction. The ‘orthogonality graph’ 
Umo(F’") is, to some extent, a familiar graph. When n = 3, we recover the point-line incidence 
graph of the hnite projective plane over F. In general, Umo(f’") can be thought of as the 
point-hyperplane incidence graph of the {n — l)-dimensional projective space over F. 

The graph Um(f’") has half-size q" — 1, and it is regular of degree q’^~^, while Umo(F'") has 
half-size (g" — l)/(q — 1), and it is regular of degree — l)/(g — 1). The graphs Um(F’") 

and Umo(F’") are also connected. In fact, both Um(F'") and Umo(F’") are Cayley graphs. The 
diameter of Um(i^") is 4, and the diameter of Umo(F’") is 3. 

For combinatorial applications such as our counting problem, one only needs to know the 
largest non-trivial eigenvalue of the underlying graphs. In fact, one can compute the entire 
adjacency spectrum for Um(F’") and Umo(f’"). We only list the eigenvalues, and we refer to 
Remark O for their multiplicities. 

Theorem 1.4. The eigenvalues o/Um(F’") are The eigenvalues 

o/Umo(T") are ± (q^-^ - l)/{q-l), 

Observe that both Um(F’") and Umo(T”) are pseudo-random in a strong way, namely, they 
are d-regular graphs whose largest non-trivial eigenvalue satishes 02 ~ Vd. (In fact, 02 = Vd 
holds for Um(F’^).) Asymptotically, this is best possible. 

One possible approach to Theorem [Fil is to exploit combinatorial features of the two graphs, 
see [T] Proof of Thm.2.3] for Umo(F’"). Our approach to Theorem 1 1.41 is algebraic, and proceeds 
as follows. The first step is to use a linear isomorphism between F" and K, a held extension 
of F of degree n, so as to replace the dot product on T" by the bilinear form on K given by 
the trace of the extension K/F. The second step is to observe that, in these new realizations of 
the unimodular graphs over T" as trace graphs over K, characters of the multiplicative group 
K* are adjacency eigenvectors. The punch line is that the adjacency eigenvalues turn out to 
be the signed absolute values of the corresponding Eisenstein sums, and these can be computed 
quite easily. See Sections [2] and [3] for details. Later on, however, we will extend the scope of our 
unimodular graphs to other hnite rings, and it will turn out that the proof sketched above works 
in far greater generality. It is not clear whether the combinatorial arguments can be adapted, as 
well. Besides, the algebraic approach has the advantage of providing explicit eigenvectors. 
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From Theorem 11.41 we can easily derive Theorem 11.11 Here is an interesting feature of the 
proof, for which we do not have a good conceptual explanation. The graph that seems most 
relevant to our counting problem is Um(F"). The catch is that Um(F") leads to bounds that 
are weaker than those claimed in Theorem o We end up using the graph Umo(F"'^^), via a 
simple embedding trick. 

Another application of Theorem 11.41 and its proof concerns the isoperimetric constant of the 
unimodular graphs. There is a well-known lower bound for the isoperimetric constant of a regular 
graph in terms of the largest non-trivial eigenvalue. The main point of the following result is 
that, for our unimodular graphs, we can also give upper bounds. These are a by-product of our 
spectral analysis - specifically, knowledge of eigenvectors plays a crucial role. 

Theorem 1.5. The isoperimetric constant o/Um(F’") satisfies 

iso(Um(F")) = \ ~ when n is odd, 

>iso(Um(T")) > when n is even. 

The isoperimetric constant o/Umo(F”’) satisfies 


/„n — 1 1 , 

(Umo(F-))>i(5^-^-g"/^-i) 

when n is odd, 

/ 1 \ 

when n is even. 


Particularly striking are the cases where we obtain the precise value of the isoperimetric 
constant. Such exact computations are very rare. 

1.2. Unimodular graphs over finite valuation rings. Actually, the true goal of this paper 
is to go well beyond the finite field context, and prove all these results for a certain type of finite 
rings. A concrete combinatorial motivation is that of obtaining an analogue of Theorem 11.11 over 
the ring Z/(p^). 

The unimodular graphs can be defined over any finite ring R. Throughout, rings are assumed 
to be commutative, and to have an identity. Let 7?"’“ C 7?" denote the set of unimodular n- 
tuples, namely those tuples whose entries generate R as an ideal. For n = 1 this is simply the 
set of units R ^, and we assume n > 2 in what follows. 

Definition 1.6. For n > 2, we let Um(7?") denote the bipartite graph on two copies of 77**’“, in 
which vertices a, and bo are adjacent whenever a • 6 = 1. For n > 3, we let Umo(77") denote the 
bipartite graph on two copies of 77"’“/77^, in which vertices [a], and [6]o are adjacent whenever 
a ■ b = 0. 

We have to restrict our attention to suitable finite rings if we want to prove substantial facts 
about the unimodular graphs. Consider the problem of finding their adjacency spectrum. In 
order to apply the same arguments as those used for fields, we need to consider a class of rings in 
which we can take appropriate extensions. More importantly, we will need some computations 
for Eisenstein sums arising from such extensions. This is why we end up focusing on finite 
valuation rings. 

The following are, with some overlap, the main examples of such rings: 

• finite fields, 

• Z/(p^) where p € Z is a prime, 

• OKp^) where O is the ring of integers in a number field and p £ O is a prime, 

• F[X]/(f^) where F is a finite field and / £ F[A] is an irreducible polynomial. 

Formally, finite valuation rings are finite rings that are local and principal. The maximal ideal 

of a finite valuation ring R is of the form (tt), where the uniformizer tt is a non-unit of R defined 
up to a unit of R. There are two structural parameters associated to R that play a key role in 
our results. One is 
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q : the size of the residue field F = R/{n), 
and the other is 

i : the nilpotency degree of n, 

namely, the smallest positive integer with the property that = 0. The lowest possible value, 
£ = 1, occurs precisely when i? is a field. For an arbitrary finite valuation ring R, the ideal 
structure is still very simple. It takes the form of a filtration of length £ (hence the notation): 

J? 3 (tt) D (tt^) D • • • D {n‘) = 0 

where all the inclusions are strict. Among other things, this filtration implies that |i?| = q^. 
In the literature, finite valuation rings are usually called finite chain rings —a somewhat less 
evocative name, in our opinion. 

Until further notice, let i? be a finite valuation ring with parameters q and I as above. In 
keeping with our previous convention, q is assumed to be odd. Some properties of the unimodular 
graphs Um(i?’*) and Umo(i?") are collected in the following statement. 

Theorem 1.7. The following hold. 

i) The bipartite graph Um(i?") has half-size q"^ — q"''^~^\ and it is regular of degree 

The bipartite graph Umo(i?") has half-size (g" — l)/(q — 1), and it is regular 

of degree — i)/(qr_ i). 

u) Both Um(7?") and Umo(i?") are Cayley graphs. 

Ill) The diameter o/Um(i?") is 4, and the diameter of \Jmo{R^) is 3. 

We then compute the adjacency eigenvalues of Um(i?"') and Umo(i?"). The proof proceeds 
as in the case of finite fields. The main work is actually in computing the absolute value of 
Eisenstein sums arising from unramified extensions of finite valuation rings fTheorem l5.2ll . This 
is the main technical result of the paper, and it is of independent interest. 

Theorem 1.8. The eigenvalues of Um(i?") are ± ± ± 

k = 1,... ,£, as well as 0 in the case when R is not a field. The eigenvalues o/Umo(i?") are 
± q(—2)U-I)(gr.-1 _ ^ yr.- 2 )(l-k/ 2 ) for !,...,£. 

Finally, we apply the spectral insight gained from the previous theorem. The more substantial 
consequence is the following. 

Theorem 1.9. The isoperimetric constant o/Um(i?") satisfies 

iso(Um(i?"')) = i _ q-('*-i)/2^ when n is odd, 

i (l — > iso(Um(i?")) > i (i _ q-('*-i)/2^ when n is even. 

The isoperimetric constant o/Umo(i?") satisfies 

iso(Umo(i?")) > I ^9--- yi/ 2 -T\^ when n is odd, 

iso(Umo(i?")) = I q('*-2)(^-i) ^9---^n/ 2 -i^ when n is even. 

The other consequence concerns our starting problem, that of counting solutions to the equa¬ 
tion a ■ b = r for given r £ R and non-empty A,B £ R^. With the same notations as for finite 
fields, the following holds. 

Theorem 1.10. We have 

\Ni{A,B) - q-‘\A\\B\\ < q^"-^'>^‘-^^^^^/\A\\W\. 

In particular, 1 £ A - B whenever (1(A) S(B) > q~^'^~^\ 
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Theorem 11.101 significantly generalizes and improves results of Covert-Iosevich-Pakianathan 
|10l Thm.1.4], respectively Vinh [23]. Both [10] and [23] address the particular case R = 

In our density notation, their results are as follows: 1 S A - A whenever A C (Z/(p^))" satisfies 
5{A) > ([IS]); 1 G A - B whenever A,B(~ {'Lj{p)^))‘^ satisfy 5{A) 5{B) > i I 

( |23p . By comparison, applying Theorem 1 1.101 to R = Z/(p^) removes the linear factor £ in these 
bounds, thereby making the threshold density independent of £. 

In fact, Theorem 11.101 holds for each unit r G R^ in place of 1. For an arbitrary r G R, we 
may apply Theorem 1 1.101 to A x {1}, B x {1 — r} C leading to the following statement. 

Corollary 1.11. For each r G R we have 

\Nr{A,B)-q-^\A\\B\\ 

In particular, A - B = R whenever S{A) S{B) > 

Note that, in this corollary, the last assertion is empty for n < 2£. 

1.3. Platonic graphs. The third family of unimodular graphs considered in this paper is that 
of Platonic graphs. The Platonic graph over a finite ring R, denoted Pl(i?), has vertex set 
B^’“/{±1}, the unimodular pairs taken up to sign. Two vertices [o, 6] and [c, d] are adjacent 
when ad — be = ±1. The graph P1(B) is a non-bipartite relative of the unimodular graph 
Um(i?^). The Platonic graph was first considered by Brooks, Perry, and Petersen [8] [9] in the 
case R = 'Ll{p). Relevant for [§][§] is the isoperimetric constant of the Platonic graph. 

Our first result in this direction is the computation of the spectrum in the case when i? is a 
finite valuation ring. In the following theorem, we only list the eigenvalues. Their multiplicities 
are determined in Remark 18.21 

Theorem 1.12. Let R be a finite valuation ring with parameters q and 1. 

i) Assume that R is afield, i.e., £ = 1. Then the eigenvalues of Pl{R) are q, —1, ± q^^^, 
except for q = 3 in which case ± q^^^ is missing. 

ii) Assume that R is not a field, i.e., I > 2. Then the eigenvalues of Pl{R) are q^ , 0, 

± for k — !,...,£, except for q = 3 in which case ± is missing. 

Part i) was hrst proved by Gunnells |121 Thm.4.2] in the original situation when R = Z/{p), 
and then by DeDeo, Lanphier, and Minei m Thm.l] in general. Their arguments are different, 
but they both rely on the representation theory of PSL 2 over a finite field. Our approach to 
Theorem 11.121 avoids representation theory. The basic idea is the same as before: we trade R? 
for a quadratic extension of R. And again, we find that, in the new realization of the Platonic 
graph, eigenvalues are expressed in terms of Eisenstein sums. In the case of fields, our argument 
is quite elementary, and much simpler than the representation-theoretic approach of |12l E]. 
But our approach also works in a more general context - that of hnite valuation rings - where 
the heavy machinery of representation theory does not. Already the simple case of R = 
is very challenging from a representation-theoretic perspective. 

Particularly interesting, however, is the Platonic graph over the ring Z/(N) where N is an odd 
positive integer. As explained in [HE], the graph P1(Z/(N)) is the 1-skeleton of a triangulation 
of the modular curve X{N). In |12| . Gunnells observes that the spectrum of P1(Z/(N)) contains 
—N/p for every prime p dividing N. Our next goal is to compute the entire spectrum of the 
Platonic graph over 'Lf{N). In fact, we succeed in doing so over any product Ri x ■ ■ ■ x R„ of 
finite valuation rings. A first guess would be that the eigenvalues of Pl(7?i x • • • x 7?„) are all 
the products a(i) ■ • • «(„), where each Q;(i) runs over the eigenvalues of Pl(Ri) as determined in 
Theorem 1 1.121 Unfortunately, the Platonic graph of a product of rings is not the tensor product 
of the Platonic graphs for the factor rings. It is, however, close enough, and the guess turns out 
to be partly correct. In general, an explicit list of eigenvalues for Pl(i?i x ■ • ■ x i?„) is somewhat 
cumbersome to write down. This has to do with the two irregularities revealed by Theorem I 1.121 
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Firstly, —1, rather than 0, is an eigenvalue when Ri is a field. Secondly, there is an ‘eigenvalue 
loss’ when Ri has qi = 3. 

So, for the sake of simplicity, we only state the extremal non-trivial eigenvalues of P1(Z/(A^)). 
Let us note here that P1(Z/(A'^)) is regular of degree N. The case when N is a. power of 3 is 
already addressed by Theorem ll.121 so we focus on the remaining, generic case. 

Theorem 1.13. Let N = 3^ N', where N' > 1 is not divisible by 3. Let p' > 3 be the smallest 
prime dividing N'. Then the extremal non-trivial eigenvalues o/Pl(Z/(A^)) are as follows: 



largest 

smallest 

£ = 0 

NIVW 

-N/VW 

£= 1 

Nfy/W 

—N/ min{3, y/J7} 

£>2 

N/ min{3, Vp'} 

—N/ min{3, Vp'} 


Recall that, for rather circumstantial reasons, a d-regular graph is said to be ‘Ramanujan’ 
if all its non-trivial adjacency eigenvalues lie in the interval [—2y/d— l,2y/d— 1]. As already 
noted by Gunnells [12], the graph Pl(Z/(Af)) is usually not Ramanujan for a composite N. The 
same conclusion is reached by Lanphier and Rosenhouse |18l Thm.S.ii] with a different approach. 
Theorem 11.131 and part ii) of Theorem 11.121 give a complete answer: the only composite odd 
numbers N for which P1(Z/(A^)) is a Ramanujan graph are N = 9, 15, 21, 27, 33. 

In summary, the spectrum of the Platonic graph Z/{N)) depends, in a somewhat intricate 
way, on the prime factorization of N. At any rate, the following holds. 

Corollary 1.14. Let N > 1 be an odd integer and let p be the smallest prime dividing N. 
Then the largest non-trivial eigenvalue o/Pl(Z/(Af)) is at most N/^/p, and so the isoperimetric 
constant o/Pl(Z/(A’)) satisfies 

The lower bound we have obtained improves the one obtained in [181 Thm.3.i] by combinatorial 
arguments. We believe that spectral methods can also be used for obtaining upper bounds, but 
we have not pursued this idea to its very end. 

Acknowledgements. I am grateful to Noga Alon for some useful comments. 

2. Eisenstein sums over finite fields 

Let E be a field with q elements, where q is odd, and let K/F he a field extension of degree n. 
The trace Tr : K F is the map given by Tr(s) = • What is relevant is not so much the 

formula, but rather the following property: the trace Tr : A —^ E is a surjective E-linear map. 
Much less important for us, but still mentioned herein, is the multiplicative sibling of the trace. 
The norm N : A —>■ E is given by N(s) = nrX/ defines a surjective homomorphism 

N:A*->E*. 

An Eisenstein sum for the extension A/E is a restricted character sum given by 

E(X)= Xis) 

Tr(s) = l 

where X's a character of the multiplicative group A*. Equally important in what follows is the 
‘singular’ Eisenstein sum 

Eoix) = 

Tr(s)=0 

For the trivial character xo of A*, we find that E(xo) = and Eo(xo) = q"~^ — 1. Eisenstein 
sums defined by non-trivial characters are difficult to compute. Fortunately, all we need to know 
for the purposes of this paper is their absolute value. 
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Theorem 2.1. Let x a non-trivial character of K*. 

i) If X non-trivial on F*, then: 

\E{x)\ = Eoix) = 0 . 

ii) If X is trivial on F*, then: 

\E{x)\-<r'^-\ \Eo{x)\ = {<i-i)<r'^-^- 

Furthermore, -Eo(x) = ~{<1 ~ 1) E{x)- 

This is a known fact, cf. 0 pp.389-391]. A proof can be fonnd in Section]^ 


3. Eigenvalues of unimodular graphs over finite fields 

In this section, we compnte the adjacency spectra of Um(f’") and Unio(E”*) in terms of 
Eisenstein sums for a degree n extension of F. Recall, the two graphs are defined as follows: 
Um(E’*) is the bipartite graph on two copies of (E**)*, in which vertices a. and bo are connected 
if a • 6 = 1, while Umo(E") is the bipartite graph on two copies of the projective space {F'^)*/F*, 
in which vertices [a], and [6]o are connected if a • 6 = 0. 

These two bipartite graphs, as well as their generalizations to other rings, have the following 
form. The vertex set consists of two copies, V, and Vo, of the same set V, and two vertices 
a, and bo are connected when a is suitably related to b. The size of V is the half-size of the 
resulting bipartite graph. We work with the reduced adjacency operator A, mapping complex¬ 
valued functions on Vo to complex-valued functions on V,. The adjacency eigenvalues are then 
Fy/Ji for /r running over the eigenvalues of A* A, equivalently, of AA*. Both yfJL and —y/JI appear 
with multiplicity equal to the multiplicity of jj,. 

Proof of Theorem \1.4\ Let K be an extension of F of degree n. Via an E-linear isomorphism 
between E" and K, we may view the dot product as a non-degenerate E-bilinear form /3 on K. 
The surjectivity of the trace map implies that there is a unique E-linear isomorphism (f ■. K ^ K 
such that P{x,y) = Tr(0(a;) y) for all x,y £ K. This allows us to recast the graph Um(E") as the 
bipartite graph on two copies of K*, in which vertices x, and yo are connected if Tr(<^(a;) y) — 1. 
After a relabeling of, say, the black vertices, we may assume that cf is the identity map. The 
resulting bipartite graph on two copies of K*, in which vertices x, and yo are connected if 
Tr{xy) = 1, is denoted Tr(A'/E). In Tr(A'/E), the neighbours of a vertex x, are {s/x)o, where 
s £ K runs over all roots of Tr(s) = 1. For each character x of E* we have 

Ax(x)= X{s/x) = x{x) X] X(s), 

Tr(s) = l Tr(s) = l 

that is, 


Ax = E(x) X- 

It follows that the eigenvalues of Tr(E/E) are ± |E(x)|, where x runs over the characters of 
K*. The explicit values are given by Theorem 12. II 

Similarly, Umo(E") is isomorphic to the bipartite graph on two copies of K*/F*, in which 
vertices [a;], and [j/]o are connected when Tr(a;j/) = 0. We denote this graph by Tro(E/E). The 
eigenvalues of Tro(E/E) are ± |EEo(ti;)|, where the ‘projective’ singular Eisenstein sum is given 
by 

PEo{oj) = XI 

Tr(s)=0 
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and cj runs over the characters of K*/F*. For such an cj, let be the character of K* obtained 
by composition with the quotient map K* —^ K* jF*. Then 

Eo{x.)= Y. X^{s) = \F*\PEo[w). 

Tr(s) = 0 

In conclusion, the eigenvalues of Tro(-ft'/-F’) are ±|-Bo(x)l/(?“ l)i where x runs over the characters 
of K* that are trivial on _F*. □ 

A crucial fact, used implicitly throughout this text, is that characters form a basis for the 
space of complex-valued functions on an abelian group. 


Remark 3.1. To determine the eigenvalue multiplicities, we do a character count. 

For Ti{K/E), the trivial eigenvalues ± q’^~^ come from the trivial character, so they each 
have multiplicity 1. The eigenvalues ± come from the non-trivial characters of K* that 

are trivial on F*, and there are exactly |A'*|/|F'*| — 1 = (q" — q)/(q — 1) such characters. The 
eigenvalues ± come from the characters of K* that are non-trivial on F*, and their 

number is \K*\ - \K*\/\F*\ = (q-2)(q" - l)/(q- 1). 

Consider now the graph Tto{K/F). The trivial eigenvalues ± (q"'~^ — l)/(5 — 1) come from 
the trivial character, so they each have multiplicity 1; the eigenvalues ± come from the 

non-trivial characters of K* that are trivial on F*, so they each have multiplicity (q" — q)/(q — 1). 


Remark 3.2. The graph Ti{K/F), appearing in the previous proof, is a trace analogue of the 
norm graph introduced by Kollar, Ronyai, and Szabo in m- In its bipartite form, the norm 
graph Nm{K/F) is the bipartite graph on two copies of K, in which vertices x, and t/o are 
connected when l^{x + y) = 1. The graph Nm(A'/F’) has half-size q" and degree (q" — l)/(q— 1). 
Its eigenvalues are 


± 


Y 

N(s) = l 


for tp running over the additive characters of K (cf. Alon and Pudlak [5]). Unlike the case 
of Eisenstein sums, it is not known how to compute the above absolute values. Elementary 
arguments | 20l Ch.II, Thm.SD] give an upper bound of q"^^ whenever ip is non-trivial (cf. [3l 
Lem.2.3]). 

Projective relatives of norm graphs were considered by Alon, Ronyai, and Szabo in [^. Their 
eigenvalues turn out to be the signed absolute values of certain Gauss sums mm], and these 
can be computed explicitly. Although not directly related, the norm graphs - the original ones 
as well as the projective ones - were a source of inspiration for this paper. 


4. Algebraic preliminaries on einite valuation rings 

4.1. Finite local rings, extensions, traces. Let i? be a finite local ring with maximal ideal 
TT. Then R\tt — the group of units of R. The quotient F R/tv is the residue field of 
R. The ring homomorphism R ^ F induces a surjective group homomorphism R^ —>■ F*, with 
kernel 1 + tt. 

Certain aspects of the extension theory for finite local rings are of crucial importance to us. 
We outline the bare minimum, and we refer to [3 Chapter 4] for more details. The rough idea 
is to build extensions of finite local rings by lifting extensions of residue fields. Let R, tt, F be 
as above, and let K be an extension of F of degree n. 


K 


TT - S- R - 


nS -^ S - K 


TT -S- R - 
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Write K = where / € F[X] is a monic irreducible polynomial of degree n. Let 

/ G R[X] be a monic polynomial of degree n mapping to / via R[X] —>■ It turns out that 

/ is irreducible (such lifts are said to be basic irreducible polynomials). The quotient ring 

S = R[X]/(f) = R[i], 

where ^ denotes the image of X G I?[X] and so /(^) = 0, has the following properties: S is an 
extension of R, S is & finite local ring with maximal ideal nS, and S has residue field K. In 
what follows, we refer to this extension i? C S as a standard extension of degree n. 

Next, we define the trace map for the extension R S. This could be done in terms of 
the Galois group of the extension, but that would require some further theoretical details. A 
simpler approach is to view S' as a free i?-module of rank n, with basis : i = 0,..., n — 1}. 
Multiplication by s G S is an i?-linear map S —>■ S, and we let Ms be the corresponding n x n 
matrix with entries in R. The trace Trg/^ : S —>■ 7? is defined by mapping s G S to the trace 
of the matrix Ms- The same procedure at the level of residue fields recovers the trace map 
Tijf/p : K ^ F and so the diagram 


■K 


^S/R 


^K/F 


R- 


is commutative. 


Proposition 4.1. Let R S be a standard extension of finite local rings. Then the traee 
Tts/r '■ S ^ R is R-linear, surjeetive, and it maps irS to tt. 

Proof. i?-linearity of Tts/r is obvious from the definition. Elements of ttS are finite sums of 
the form '^riSi, where ri G n and Si G S, so Tr 5 /jj( 5 ])CiSi) = '^ri Trg/fl(si) G tt. To prove 
surjectivity, it suffices to ensure that the image Tts/r{S) C R contains a unit of R. Assume 
that this is not the case. Then Trs/^(5') C tt, so the image of Trs/^(S') in the residue field F 
is {0}. This means, by the commutativity of the above diagram, that Txr/p is identically 0, a 
contradiction. □ 

In what follows, we write Tr : S' —>■ i? for the trace map. 

4.2. Finite valuation rings. Recall from the Introduction that the maximal ideal of a finite 
valuation ring R is of the form (tt), where tt is now an element of R, and that we have a filtration 
by ideals 

RD (tv) D (tt^) D • • • D (tt^) = 0 

where i denotes the nilpotency degree of tv. For notational reasons, it is sometimes useful to 
think of R as (tt®). There is a natural valuation 

IT : R^ {0, 

defined as follows: u(0) = £, and for r 7 ^ 0 we set u(r) = A: if r G (tt*') \ Note that 

iT(r) = k ii and only if r = tv^u for some unit u G R^, and that there are precisely \(tv^~^)\ such 
representations of r. 

Each abelian group ( 7 r*')/( 7 r*'"'"^) is a one-dimensional linear space over the residue field F = 
R/(tv), so its size is also q = |F|. It follows that 

\(tv'‘)\ = q‘~'", k = 0, 

In particular, |i?| = q^, |( 7 r)l = q^~^, and | = |i?| — |( 7 r)l — q^ — q^~^. 

Now let i? C S' be a standard extension of degree n. Then S is also a finite valuation ring, 
with uniformizer tv, and its residue field K has size q”. In the following proposition, we establish 
some useful properties enjoyed by the trace of the extension i? C S. 
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Proposition 4.2. Let R S be a standard extension of finite valuation rings. Then the trace 
Tr : 5 —^ i? has the following properties. 

i) Tr maps onto tv^R for each k = 0,... ,£. 
a) If t £ S satisfies Tr(ts) = 0 for all s £ S, then t = 0. 

Hi) Let T : S ^ R be an R-linear map. Then there exists a unique t £ S such that T{s) = Tr(ts) 
for all s £ S. 

iv) Let P be a non-degenerate R-bilinear form on S. Then there exists a unique R-linear iso¬ 
morphism (f> : S ^ S such that P{t, s) = Tr(0(t) s) for all t,s £ S. 

Proof, i) We already know that Tr(7r*^S') C n^R. Now let x^r, where r € -R, be an arbitrary 
element of x^R. Surjectivity of Tr : S' —>■ R provides an s £ S such that Tr(s) = r. Then 
TT^'s £ TT^'S satisfies Tr(7r*'s) = 7r*'Tr(s) = 

ii) Assume that Tr vanishes on tS, the ideal generated by t £ S. We have tS = for some 
k = 0,..., £, and part i) forces k = £. Therefore t — 0. 

iii) For each t £ S, we have an R-linear map Trt : S —>■ R given by s i-A- Tr(fs). By part ii), 
the assignment t Trt defines an injective map from S to the dual S* = Homi{(S, R). But S 
and S* have the same size, as S is a free R-module, so every element of S* is of the form Trt. 

iv) By the previous part, for each t £ S there is a unique element of S, denoted <j>{t), such 

that /3(t, s) = Tr(())(t) s) for all s £ S. It follows that the map cf : S ^ S thus defined is R-linear. 
The non-degeneracy assumption on fi means that is injective. Thus <j) -. S ^ S is a,n R-linear 
isomorphism. □ 


5. EiSENSTEIN sums over finite VALUATION RINGS 

Let R C R be a standard extension of finite valuation rings, of degree n, with trace map 
Tr : S —>■ R. The Eisenstein sum corresponding to a character x of the unit group is given 
by 

x(y)- 

Tr(y)^l 

Note that an element y £ S satisfying Ti{y) = 1 is necessarily a unit. The ‘singular’ Eisenstein 
sum for X is 

x{y)- 

yes^ 

Tr(H) = 0 

The Eisenstein sums corresponding to the trivial character xo can be easily computed. The 
value of E{xo) equals the number of solutions for the equation Tr(y) = 1, and this number is 
|R|/|R| = The value of Eo{xo) equals the number of unit solutions for the equation 

Tr(y) = 0. There are |R|/|R| = solutions in R, and |7rR|/|7rR| = solutions in 

ttR, hence q^"~P^ — solutions which are units. 

Our next goal is to compute the absolute values of the Eisenstein sums, that is, to extend 
Theorem O from finite fields to finite valuation rings. In order to state our theorem, we must 
introduce some terminology. We do so at the level of R, but we will use it both for R and for R. 

The Hltration R D (tt) D (tt^) D • • • D (tt^) = 0 induces a multiplicative filtration for the 
group of units: 

R"" D 1 -I- (tt) D 1 -I- (tt^) D • ■ • D 1 -I- (tt^) = 1 

In turn, this multiplicative filtration induces a valuation on the characters of R^. For a multi¬ 
plicative character x we write u(x) = k when k is smallest with the property that x is trivial on 
1 -I- (rr*’). By convention, 1 -|- (tt®) stands for R^, so u(x) = 0 precisely when x is trivial. 

Example 5.1. Let e be the character of R^ obtained by lifting the quadratic character of the 
residue held E = R/{ti). As e has order 2 and the subgroup 1 -I- (tt) has odd order, e must be 
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trivial on 1 + (tt). Thus v{e) = 1. Note also that e is the only character of having order 2. 
We call e the quadratic character of . 


Theorem 5.2. Let x be a non-trivial character of , with valuation v{x) = fc > 1. Write Xres 
for the character of R^ obtained by restricting X- 
i) If Xtbs is non-trivial, then 


I^(X)1 


\0 if iy{Xres) ^ k ' 


Eoix) = 0 . 


ii) If Xies is trivial, then 


\E{X)\ 


^(n-l)e-n/2 

0 


if k = 1 
ifk^l’ 




Furthermore, if k = 1 then -Eo(x) = “(? “ 1) E{x)- 


The proof is deferred to Section [§1 In the above statement, the valuation of the restricted 
character, ^{xies), is with respect to R. We note that i/(xres) < I'ix)- This is the only relation 
between the two valuations, in the following sense: given k > 1 and 0 < j < k, there is a 
character x of such that u(x) = k while u(xres) = j- This can be shown by a counting 
argument, similar to the one performed in Remark 18.21 


Example 5.3. Let e be the quadratic character of . If n is odd then e restricts to the 
quadratic character of so 


\E{e)\ = Eo{e) = 0. 


If n is even then e restricts to the trivial character of , so 

\Eie)\ = q("-W-n/2^ = (g _ 1) g(»-lK-n/2^ 


6. Unimodular graphs over finite valuation rings 

Let i? be a finite valuation ring. Recall the main parameters: q is the size of the residue field 
R/{tt), and i is the nilpotency degree of the uniformizer tt. Throughout, we assume that q is 
odd. This means that 2 is a unit in R. 

As i? is a local ring, an n-tuple a G i?" is unimodular precisely when some entry of a is a 
unit in R. Recall that, for n > 2, Um(i?") denotes the bipartite graph on two copies of the set 
of unimodular n-tuples of R, in which vertices o. and bo are connected whenever a ■ b — 1. For 
n > 3, Umo(R") denotes the bipartite graph defined as follows: take two copies of the set of 
unimodular n-tuples of R modulo units of R, and join [a], to [b]o whenever a ■ b = 0. 

As in the case of finite fields, the unimodular graphs over R can be thought of as trace graphs 
associated to extensions of R. 

Lemma 6.1. Let S be a standard extension of R of degree n, with trace map Tr : S —>■ R. 

i) Let Tr(S'/R) denote the bipartite graph on two copies of , in which vertices x, and t/o 
are connected ifTr{xy) = 1. Then Tr{S/R) is isomorphic to Um(R"). 

ii) LetTio{S/R) denote the bipartite graph on two copies of /R^, in which vertices [a;], and 

[j/]o are connected ifTT{xy) — 0. Then Tto{S/R) is isomorphic to Umo(R"). 

Proof, i) The map (ai, aa,..., a„) i—^ ai -l-oa^is an R-linear isomorphism between 
the free R-modules R" and S — R[C]- Under this isomorphism, unimodular n-tuples correspond 
to units of S, and the dot product on R" turns into a non-degenerate R-bilinear form fi on 
S. By part iv) of Proposition 14.21 we have P{t,s) = Tr((^(t) s) for some R-linear isomorphism 
4> : S ^ S. By R-linearity, (f maps ttS to nS, and it does so in a bijective fashion. It follows 
that (j) restricts to a permutation of the units of S. After a relabeling of, say, the black vertices, 
we obtain the graph Tr(5'/R), which is therefore an isomorphic copy of Um(R"). 
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ii) The _R-linear nature of the above arguments allows us to mod out by the units of R, yielding 
an isomorphism between Umo(_R") and Tro(5'/i?). □ 

Both pictures of the unimodular graphs, the ‘standard’ picture and the ‘tracial’ picture, have 
their own advantages. We will eventually compute the eigenvalues of the unimodular graphs by 
viewing them as trace graphs. On the other hand, there are natural full embeddings 

Um(7?") ^ Um(i?"''''^) a,/o (a,0),/o 

Umo(i?") ^ Umo(i?’*+^) [o]./o [a,0]./o 

Um(i?") ^ Umo(i?”'''^) a. [a, 1],, ho [b, —l]o 


which are obvious in the standard picture, but obscure in the tracial picture. The following proof 
presents further evidence that having both pictures at hand is very useful. 

Proof of Theorem [13 i) Either picture can be used for this fairly straightforward counting. Let 
us do it in terms of the trace graphs. The graph Tr{S/R) has half-size |5^ [ = (q^Y — 

The degree of each vertex equals the number of solutions for the equation Tr(i/) = 1, and we 
have already seen that this number is The graph Tro(5'/i?) has half-size 

l»^ I _ g — g _ (n-i)(^-i) g — ^ 

I q^ — q^~^ ^ 9 — 1 ' 


The degree of each vertex equals the number of solutions in /R^ for the equation Tr([y]) = 0. 
We have already counted the number of solutions in as ^ Hence the 

degree of each vertex equals 


(n—l)£ (n —1)(£—1) 1 

g -g ^ ^(n-2)(£-i) g - ^ 


qi _ qi—i 


q-l 


ii) We show that the trace graphs Tr(S'/i?) and Tro(5/J?) are Cayley graphs. Inversion 
in the group dehnes a semidirect product xi {±1}. Concretely, the multiplication is 
{x,a){y,r) = {xy'^,aT) for x,y € and (T,r G {±1}- Now consider the following subset of 
5”^ X {±1}: 


^ = {(5,-l):fle5^Tr(s) = l} 


Note that X does not contain the neutral element (1,1), and X is a symmetric subset as it 
consists of elements of order 2. In the Cayley graph of x {±1} with respect to X, each edge 
connects a vertex in x {-1-1} to a vertex in x {—1}. More precisely, (a;,-1-1) is connected 
to {y, — 1 ) if and only if {y, — 1 ) = (x, +l)(g, — 1 ) = (xg, — 1 ) for some g satisfying Tr)^) = 1 , i.e., 
Tr(y/x) = 1. In other words, the Cayley graph of x {±1} with respect to X is the bipartite 
graph on two copies of , in which vertices x, and j/o are connected if Tr(y/x) = 1. Up to a 
relabeling of the black vertices by inversion, we have recovered Tr(S/i?). 

An adaptation of the previous argument shows that Tro(5'/i?) is the Cayley graph of the 
semidirect product {S^ /R^) x {± 1 } with respect to the subset 

^0 = {([<?],-!):[<?]£ 5"/i?",Tr(<7) = 0}. 

The next part of the proof implies that Tr{S/R) and Tro(S'/i?) are connected, so X and Xo are 
in fact generating subsets for the corresponding groups. 

iii) Here we view Um(f?") and Umo(/?") in their original form. 

We start with Um(i?"). By vertex-transitivity, it suffices to find the distance between the 
vertex ( 1 ,0,..., 0). and an arbitrary vertex 6 , or bo, where b — {bi,b 2 , ■ ■ ■ ,b„) is unimodular. 

Case 1: one of 62 ,..., is a unit. Then the distance to b, is at most 2, while the distance 
to bo is at most 3. Indeed, we may assume without loss of generality that &2 is a unit. We then 
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have the following paths in Um(i?”): 

( 1 , 0 ,..., 0 ). ~ (l,(l-fol)/fo 2 , 0 ,..., 0 )o ~ (fel, 62 ,...,&n). 

( 1 , 0 , ... , 0 ). ~ ( 1 , 62 , 0 ,... , 0)0 ~ ( 0 , 1 / 62 , 0 , ... , 0 ). ~ (& 1 , & 2 ,fe 3 , . . . , bn)o 

Case 2: 61 is a unit. Let b' = ((1 — 62 ) 761 ,1,0,..., 0), a unimodular tuple to which the 
previous case applies. As 60 ~ b', and 6 , ~ 60 , we infer that the distance to bo is at most 3 while 
the distance to 6 . is at most 4. Let us analyze the possibility that 6 , is at most two edges away: 

( 1 , 0 , . . . , 0 ). ~ ( 1 , 2 : 2 , . . . ,Xn)o ~ ( 61 , 62 ,... , 6 „). 

where 61 + 62 X 2 + • • • + 6 „x„ = 1. But this cannot hold if 62 ,..., 6 „ G (tt) and 61 is a unit that 
is not in the subgroup 1 + (tt). We conclude that Um(7?") has diameter 4. 

Next, we turn to Umo(i?”), and we argue along similar lines. By vertex-transitivity, it suffices 
to find the distance between the vertex [ 1 , 0 ,... , 0 ], and an arbitrary vertex [ 6 ], or [ 6 ]o, where 
b — ( 61 , 62 ,..., bn) is unimodular. 

Case 1: one of 62 ,..., bn is a unit. Then the distance to [ 6 ], is at most 2, while the distance 
to [ 6 ]o is at most 3. Indeed, if, say, 62 is a unit, then have the following paths in Umo(i?"'): 

[ 1 , 0 ,..., 0 [. ~ [ 0 , — 63 , 62 , 0 ,..., 0 [o ~ [ 61 , 62 , 63 ,..., bn]t 

[ 1 , 0 ,..., 0 [, ~ [ 0 , 62 , 63 , 0 ,..., 0 [o ~ [ 0 , — 63 , 62 , 0 ,..., 0 [, ~ [ 61 , 62 , 63 ,..., bn]o 

Case 2: 61 is a unit. Let b' = (— 62 , 61 ,0, 0,..., 0), a unimodular tuple to which the previous 
case applies. As [ 6 [o ~ [ 6 '[. and [ 6 ). ~ [ 6 %, the distance to [ 6)0 is at most 3 while the distance 
to [ 6 [, is at most 4. It remains to analyze the possibility that the distance to [ 6 [. is at most 2: 

[1,0,..., 0[. ~ [0, 2 : 2 ,..., X„)o ~ [ 61 , 62 ,..., hn]m 

where 622 : 2 -I-- ■ ■+bnXn = 0, and one of X 2 ,..., 2 :^ is a unit. This is equivalent to one of 62 ,..., 6 „ 
belonging to the ideal generated by the others. As R is principal, this is indeed the case, and we 
conclude that Umo(i?”) has diameter 3. □ 

Remark 6.2. The girth can also be determined. We only indicate the results, leaving the details 
to the reader. The girth of Umo(i?"') is 4, except when n = 3 and i? is a field in which case the 
girth is 6 . Likewise, the girth of Um(i?") is 4, except when n = 2 and i? is a field in which case 
the girth is 6 . 

Remark 6.3. Over a finite local ring R, it is still the case that Um(i?") has diameter 4. The 
diameter of Umo(R"), on the other hand, reveals a small surprise. Let ur denote the smallest 
positive integer with the property that every ideal of R can be generated by nn elements. Thus, 
finite valuation rings are characterized by ur = 1. Then the diameter of Umo(i?") is 3 for 
n > Ur + 2, and 4 otherwise. This can be glimpsed from the last step in the proof of the previous 
theorem. 

Proof of Theorem \1.^ The argument is the same as in the case of finite fields, see the proof of 
Theorem [Lil The eigenvalues of the trace graph Tr(S'/i?) are ±[i?(x)[, where x runs over the 
characters of 5^. The signed absolute values of the Eisenstein sums are given by Theorem 15.21 
The eigenvalues of the trace graph Tro(5'/i?) are ±[f?o(x)[/[^?’^ I, where x runs over the char¬ 
acters of that are trivial on R^. Theorem [SJ provides the signed absolute values of the 
singular Eisenstein sums. When x is non-trivial, we compute 

|go(x)l ^ ^ U-2)(t-k/2) 

[Rx[ (g-l)g^-i ^ 

for k = 1,... ,1. □ 

Again, the eigenvalue multiplicities can be determined by doing a character count, but the 
formulas are not particularly appealing, and we will not need these multiplicities. The method 
is illustrated in Remark IQ for the case of Platonic graphs. 
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7. Applications 

7.1. Edge counting. Let us recall a simple, but powerful estimate for edge-counting, due to 
Alon and Chung [^. 

Let X be a connected, d-regular and bipartite graph on two copies of V, where \V\ = m. 
Given two non-empty vertex subsets 17 C 1/, and W C 14, we let e(U, W) denote the number of 
edges joining vertices in U to vertices in W. Then: 

(1) |e([/,lT)- -^|17||1T|| < ^^\U\\W\{m-\U\){m-\W\) 

I m \ m 

where Q 2 is the largest non-trivial adjacency eigenvalue of X. 

Proof of Theorem \1.1(A Still keeping the previous notations, let us first put ([T|) in a form that 
is more convenient for our present needs. The estimate ^(m — |17|)(m — |W^|) < m — •\/|[7[fWj 
leads to 

^±^\U\\W\-a 2 V\U\\W\ < e{U,W) < ^-^\U\\W\ + a 2 VWW\- 

m m 

Therefore 

(2) \e{U,W) — c |17||1T|| < a2\/|17||lT| whenever^—— < c < . 

mm 

The graph Umo(i?") has 

q-1 q-1 

and a small computation shows that 

d ± q2 -t Vr “ 1 ='= 

—= 9 --• 


We may thus use c = q~^ in ([2|. 

Now take A,B'T K^. Let A' and B' be the projective images of A x {1} and B x {—1} in 
^n+i,iiy^x Indeed, A x {1} and B x {—1} consist of unimodular tuples, thanks to the last 
coordinate. Note also that \A'\ = |A| and \B'\ = |B|. Viewing A' and B' as black, respectively 
white vertices in the graph Umo(i?"’'"^), the number of edges between A' and B' is precisely 
Ni{A,B). The desired estimate follows from (l2|). □ 


7.2. Isoperimetric constant. Recall that the isoperimetric constant of a graph X, herein 
assumed to be connected and d-regular, is given by 


iso(X) 


min 


e{U, W) 
min{|;7|,|W|} 


where the minimum is taken over all partitions of the vertices of X into two non-empty sets U 
and W. As before, e(U,W) denotes the number of edges connecting vertices in U to vertices in 
W. 

The isoperimetric constant can be estimated with the help of eigenvalues. Firstly, there is a 
well-known lower bound, usually attributed to Alon and Milman, saying that 


(3) 


iso(X) > i(d — Q 2 ) 


where 02 is the largest non-trivial eigenvalue of X. Secondly, a seminal idea due to Fiedler and 
Donath-Hoffman, from the early seventies, is that one can partition the vertices of X by using 
an adjacency eigenvector. In favorable circumstances, this leads to an upper bound for iso(X) 
in terms of the corresponding eigenvalue. 

We will use the latter idea in the following form. 
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Lemma 7.1. Let X be a connected, d-regular, and bipartite graph on two copies of V, where 
\V\ = m. Assume that the reduced adjacency matrix has an eigenvector f which is {iil\-valued 
and has zero mean, /(^) = 0, with eigenvalue a. (A fortiori, a is integral and |a| < d.) 

Then 


(4) 


iso(X) < \{d— |a|). 


Proof. We aim for a partition of Vo U V, into two sets U and W such that \U\ = \ W\ = m, and 
e{U,W) = ^m{d— |q|). The eigenvector / partitions V into two subsets, V(a) = {v : f{v) = a} 
for a € {±1}- The characteristic function of V{a) is |(/i + cr/), where /i denotes the constant 
function equal to 1 on 1/. Note that /i is orthogonal to /. 

Let A denote the reduced adjacency matrix. For cri, (T 2 G {±1}, the number of edges between 
V{<j\)o and V{a2), is 

+c^i/).i(/i +c^2/)) = j{dfi+aiaf,fi+a2f) 

= i (rf (/i, /i) + 0-10-20 (/, /)) = im(d + 0-10-20)- 


Now pick a G {±1} to be the sign of o, so o-o = |o|. The desired partition is given by 17 = 
17(+l)o U Via), and W = ■F(-l)o U ^(-cr).. □ 

Proof of Theorem M.tA The lower bounds for the isoperimetric constant come from ((3]). Focusing 
on the upper bounds, we wish to apply Consider the graphs Um(7?") and Umo(7?") in their 
trace realizations, Tr(5/i?) and Tro(5/i?). The role of / in the previous lemma is played by e, 
the quadratic character of 5^. In Tr(S/7Z), e is a reduced adjacency eigenvector with eigenvalue 
Eie), and 




q(" if n is odd, 

j£ jg even. 


as explained in Example Ea 

If n is even, then e is also a reduced adjacency eigenvector for Tro(S/i?), with eigenvalue 
Eoie)/\R^ \. We read off the absolute value of Eo{e) from Example 15.31 and we obtain 


\Eoie)\/\R^\ = 


□ 


8. Platonic graphs 

Let i? be a finite ring. Recall that a pair (a, b) G R^ is unimodular if the ideal generated by a 
and b is the whole of R. To phrase this in a way that is consistent with the following discussion, 
(a, b) G R^ is unimodular if there are c,d € R such that ad — be = 1. The Platonic graph Pl(R) 
has vertex set and two vertices [a, 6] and [c, d] are connected whenever ad — bc = ±1. 

We consider an operator which, on the one hand, is closely related to the adjacency operator 
of Pl(i?), and, on the other hand, is well-behaved under ring products. Let 

D : EiR^n ^ Dfia,b)= ^ /(c, d) 

{c,d)\ ad — bc=l 

where denotes the linear space of complex-valued functions on Although we will 

not rely on this perspective, we note here that D is the reduced adjacency operator of the 
following graph, isomorphic to the unimodular graph Um(i?^): the vertex set consists of two 
copies of and (a, b), is connected to (c, d)o if ad — be — 1. 

A function / G E(R?''^) is even if /(—a, —6) = f{a, b) for all (a, 6) G respectively odd if 

/(—a,—6 ) = —f{a,b) for all (a, 6) G The corresponding subspaces of are denoted 

E{R^'^)^ and Then D respects the decomposition = 7^(7?^’“)"’' ©7^(7?^’“)“, 

so D decomposes as 7? = D'^ © D~. Under the identification 7^(7?^’“)’'" = 7^(7?^’“/{±l}), the 
even part is precisely the adjacency operator of Pl(7?). 
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Lemma 8.1. Let R be a finite valuation ring. 

i) Assume R is afield, i.e., ^ = 1. Then D'^ has eigenvalues q, —1, except when g = 3 

in which case ± is missing, while D~ has eigenvalues ± Iq^^^ ■ 

ii) Assume R is not afield, i.e., £ > 2. Then has eigenvalues q^, 0, fork = 

except when q = 3 in which case ± is missing, while D~ has eigenvalues 0,± 

for k = 

Proof. Let S' = {a + by/j : a, b £ 7?} be a standard quadratic extension of R. Concretely, 
j € is a lift of a non-square in the residue field F of R. The trace Tr : S —>■ R is given by 
Tr(s) = s -I-s, where conjugation in S means exactly what it should: a -|- b^/J = a — by/j. There 
is also a norm map, given by N : S —^ R and N(s) = ss. As N is multiplicative, it restricts to 
a group homomorphism A : S^ —^ R^. Let us argue that, as in the case of hnite fields, this 
homomorphism is onto. Let r £ R^ . We have to show that — jb^ = r for some a,b £ R. At 
the level of residue helds, the norm is surjective, so there are ao,bo £ R such that Oq — jb% = r 
mod TT. At least one of ao and bo, say bo, is a unit in R. Then bo is a simple root for the 
equation Oq — jx^ = r mod tt so, by Hensel’s lemma, there exists b £ R, b — bo mod tt, such that 
— jb^ = r. 

Via the correspondence (a, 6) -fA a -f b^/j, unimodular pairs for R correspond to units in S. 
So we may think of D as the operator D : F{S^) —^ F{S^) given by 

Df{x) = 

y- Tr((2\/I)“^S!/) = l 

On a character x of the operator D acts as follows: 

Dx { x )= xiy )^ = X {‘ 2 \/]) E { x ) x { x ) 

y: Ti((2y/J)-^xy) = l Tr(ii) = l 

If X is a character of , then x* dehned by a; i-A- x(*) is again a character of . With this 
notation, we have 

Dx = c { x ) x *, c { x ) ■■= xi ^ Vj ) E { x )- 

A character x is even if x(“l) = x(l)! respectively odd if x(“l) = “X(i)- Note that X X* 
is parity-preserving, and that x** = X- This means that D, viewed as a matrix, is block- 
diagonal. One block is a diagonal matrix indexed by the characters which are fixed under the 
transformation X X*- Tii® remaining blocks are 2-by-2 off-diagonal matrices, one for each pair 
{x,X*} of non-fixed characters. 

We have X* = X if ^^d only if xi^x) = x(N(2:)) = 1 for all x £ , i.e., x is trivial on 

R^. In particular, x is even. For the trivial character we have c(xo) = R(xo) = 9^- Now let 
X be non-trivial, but trivial on R^. Recall from Theorem 15.21 that E{x) = 0 if ^{x) 1 and 

Eo(x) = “(9 “ 1) E(x) if v{x) = 1- But the singular Eisenstein sum turns out to be easily 
computable: 

Eo ( x )= xiy ) = ^ x { b \ r 3 ) = \ R ''\ x {\ fj ) = {<l - < l ^~^) x {^/~ 3 ) 

Tr(H)=0 6ei?x 

yes^ 

Thus, if u{x) = 1, then 

c(x) = E { x ) x(2v7) = xiVl ) x(2\^) = -q‘~^ xiW = -q~^ ■ 

Now let X be a character which is not hxed under X X*i i-®-! X is non-trivial on RA. As 
EfyA) = E{x) and X*(2v(?) = xi-'^Vl) = ± x(2V7), according to the parity of x, we have 

c(x*) = ±c(x)- 
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The 2-by-2 block corresponding to the pair {x?X*} l^^e form 

f 0 ± c{x)'\ 

Vc(x) 0 J 

and the resulting eigenvalues are ± |c(x)| = ± \E{x)\ when x is even, respectively ± i|c(x)| = 
± i|i?(x)| when x is odd. By Theorem 15.21 we know that E{x) = 0 when I'ix) 7 ^ v{xiea), and 
l-E(x)i = when v{x) = i^(Xres) = k. □ 

Remark 8.2. Let us count the multiplicities. 

i) Let £ = 1, i.e., J? is a field. 

Multiplicities for . There are — 1) even characters of . Among them, we have 
\S^ 1 = 9+1 characters that are trivial on . The trivial character yields the eigenvalue 

q, and the remaining q characters are eigenvectors for the eigenvalue —1. There are ~ 

!) — ((? + 1)) = j{q + l)(g — 3) pairs of characters that are not trivial on , and this is the 
multiplicity for both q^^^ and When 9 = 3, this multiplicity is 0. 

Multiplicities for D~. There are ^( 9 ^ — 1) odd characters of . Both i 9 ^^^ and —i 9 ^^^ have 
multiplicity — 1 ). 

ii) Let £ > 2, i.e., R is not a field. 

Multiplicities for . It suffices to focus on the non-zero eigenvalues since the multiplicity of 
0 can be determined from the dimension count. The trivial eigenvalue q^ comes from the trivial 
character, and it has multiplicity 1 . 



The even characters of that are non-trivial on R^ yield eigenvalues when iz(xres) = 

^(x) = k. For fc = 1, the condition i^(xrea) = J^(x) = 1 means that x is trivial on 1 -|- nS but 
not on R^. There are [5'^ : (1 + TrS)] = — 1 characters of that are trivial on 1 + ttS. 
Exactly half of them are even, since —1^1 + nS (residue fields have odd characteristic). The 
number of characters of that are trivial on 1 -|- -nS and R^ (in particular, these characters 
are even since —1 € R^) equals the index in of the subgroup generated by 1 + ttS and R^. 
As (1 -h nS) n R^ = 1 + ttR, this index is 

[gxqi + TTg)] q ^-1 

[RX : (I+ttR)] q-1 ■ 

So there are ^{q^— l) — {q+l) — i(q-|-l)( 9 —3) even characters of satisfying iz(xres) = i'(x) = 1- 
This yields a multiplicity of j{q + l){q — 3) for both and Again, when 9 = 3, 

this multiplicity is 0. 
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For k > 2, the condition i^(xres) = I'ix) = ^ means that x is trivial on 1 + but not on 
1 + a similar count shows that there are 


i [ 5 ^ : (1 + (^[{1 + n '^-^ S ) : (1 + 


[(1 + 7r'=-i5') : (I + tt'^S)] \ 

[(1 + Tr^~^R) : (1 + Tr'^i?)] j 


even characters of satisfying this property. This yields a multiplicity of j{q^ — 1){<f — 
for both and 

The even characters of that are trivial on R^ yield the eigenvalue —q^~^ when ^{x) = 1. 
This eigenvalue has already appeared in previous case, so we have to amend the multiplicity 
computed before. Here we have to count the non-trivial even characters of that are trivial 
on R^ and on 1 + nS. We have essentially seen this count, in the case k — 1 above. The answer 
is (q + 1) — 1 = q. The readjusted multiplicity of —q^~^ is thus \{q^ — 1) {(f — q) + q. 

Multiplicities for D~. Again, it suffices to focus on the non-zero egenvalues. The odd charac¬ 
ters of that are non-trivial on R^ yield eigenvalues ±iq^“*’^^ when iz(xres) = ^^(x) = There 
are ^(q^ — 1) odd characters of that are trivial on 1 -|- ttS. This is the combined multiplicity 
for and —iq^~^^^. For fe > 2, there are |(q^ — 1) (q^ — q) odd characters of 

that are trivial on 1 + tv^S but not on 1 -|- 'k^~^R. This is the combined multiplicity for 
and -iq’-^!'^. 


Theorem 11.121 immediately follows from Lemma fS.ll and the remarks preceding it. Now let us 
consider the case when i? is a product i?i x • • • x i?„ of finite valuation rings. Then can be 
identified with x • • ■ x and so D = D\ (g) ■ • ■ (g) D„. For the even part of D, we have 

= 0 ® ■■■ ® Off' 

<^1 >0 

and so 

sp{D^) = [J sp(Dii)---sp(D^") 

<^1 •• • O’n >0 

as multisets. This is spectrum of Pl(i?i x • • • x R„)- 

ff each factor ring Ri has qi ^ 3 then sp{D~) ■ sp{D~,) C sp{D^) ■ sp[Df,) for every choice of 
i,i' = 1,... ,n, by Lemma [8.11 Therefore 

sp{D+) = sp{D+)---sp{Dt) 


as sets. 

ff some Ri has qi = 3, and n > 2, then this is no longer true: sp{D^) strictly contains the 
set of products sp{Df) ■ ■ ■sp{Dfi). For the sake of notational simplicity, we illustrate this by 
means of an example. Let R = Ri x R 2 , where qi = 3 and q 2 7 ^ 3. Then sp{D'^) = sp{Df) ■ 
sp(Dj) U'5P(^r) ■ sp{Df) contains eigenvalues of the form ± ^^or fc = 1 ,... ,^ 2 . 

These come from sp{Df)-sp{Df), and they cannot be realized in sp(Dj^)-sp(Dj) since ±3^^“^^^ 
is missing from sp{D^). Informally, we might say that the missing eigenvalues of are only 
half lost, and they partly re-appear in the product, thanks to Df. 

What is true, in general, is that the largest, the second largest, and the smallest eigenvalue in 
sp{D^) are realized in sp{D^) ■ ■ ■ sp(D^). In particular, we can read off the extremal non-trivial 
eigenvalues of the Platonic graph over Z/(A’), as stated in Theorem ll.131 


9. Proof of Theorem 15.21 

In order to understand the proof of Theorem EU it will be helpful to start with the simple 
case of finite fields. 
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Proof of Theorem \2.1\ Let if be an additive character of F, possibly trivial. Denote by the 
additive character of K induced from ip by pre-composing with the trace. Let also Xres denote 
the character of F* obtained by restricting x- We may then consider the Gauss sum over K 

G{ip"'^'^,X) ^ V’(Tr(s)) x(s), 

sGK* 

as well as the Gauss sum over F 

G(V>,Xres) = 

cGF* 

These two sums are in fact related. Decomposing over the fibers of the trace map, we write 

c£F Tr(s) = c 

The term corresponding to c = 0 is £^o(x)- c 7 ^ 0 we make the change of variable s 1 -^ cs in 
the inner sum, leading to 

= Eoix) + X(c) ( 

cGF* Tr(s) = l 

that is 

(5) x) = Eoix) + Giip, Xres) Eix). 

We read © as a linear relation between Eisenstein sums, with Gauss sums as coefficients. At 
this point, we need to recall some well-known facts about Gauss sums over finite fields. If ip is an 
additive character and x 3- multiplicative character of a finite field k, then we have the trivial 
laws 

(Gl) G(V>o,xo) = n; 

(G2) G{ipo, x) = 0 when x 7 ^ Xo; 

(G3) G{ip,xo) = -1 when ip ^ ipo; 
and, more interestingly, 

(G4) \Giip, x)l = yiN when ip ^ ipo and x 7 ^ Xo- 
Returning to the relation ®, we consider the following two cases. 

Case 1: x is non-trivial on F*. Taking ip = ipo in ©, we get Eoix) = 0 by using (G2). Then 
© becomes 

G(V^'"^x) = G(V^,Xre.)-B(x)- 

Pick any non-trivial ip, and note that is non-trivial as well, by the surjectivity of the trace. 
Taking absolute values, and using (G4), we get |E(x)l = 

Case 2: x is trivial on F*. Taking -i/) = i/jq in ®, and using (Gl) and (G2), we obtain 
Eoix) = ~il ~ 1) Eix)- Thus ([5]) turns into 

G(V’'“^ x) = -(g - 1) Eix) + GiiP, xo) Eix). 

For Ip ^ Ipo, this says that G('!/i'“‘^, x) = ~9^'(x) in light of (G3). Finally, using (G4), we deduce 
that |F(x)l = □ 

The above proof is our blueprint. We start by extending the relations (Gl) - (G4) from finite 
fields to finite valuation rings. A Gauss sum over a finite valuation ring R has the form 

Giip,x)= V'(“)x(m) 

uefix 

where i/> is a character of the additive group R, and x is a character of the multiplicative group 
of units, R^. The trivial Gauss sums are easily computed. 
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Lemma 9.1. The following hold: 


G{'>p,x) 


f|i?x| = (g-l) 
0 
0 

L-|(7r)l = V 


*/ V' = V’o and X = Xo 
ifi) = tpo and x ^ Xo 
*/ X = Xo and tp is non-trivial on (tt) 

*/ X = Xo and ip is trivial on (tt) but ip ^ ipo 


As for multiplicative characters, there is a notion of valuation for additive characters. Given 
an additive character ip, we write v{ip) = k when k is smallest with the property that ip is trivial 
on the additive group To have valuation 0 is to be trivial. At the other end of the valuation 

spectrum, a character - additive or multiplicative - having valuation i is said to be primitive. 
For fc > 1, a character has valuation k if and only if it is induced from a primitive character of 
the ring by pre-composing with the quotient map R —^ R/{n^). 

In the next lemma, we compute the absolute value of non-trivial Gauss sums - the analogue 
of (G4). With some effort, this result can be extracted from Lamprecht’s detailed study | 17 |. 
We prefer to give a direct, self-contained proof, partly based on arguments from 0 pp.28-30] 
addressing the case R = TLIpp^'). 


Lemma 9.2. Let ip and x be non-trivial. Then: 


|G'(^,X)1 


V\R\\i^^)\ = 
0 


ifv{ip) = v{x) = k 
*/ v{ip) v{x) 


Proof. Case 1: different valuations. Assume z.'(x) = k > v{ip). Let x' be the multiplicative 
character of R/{n'°) that induces x- Then: 


G{ip,x)= Yi V'(m)x'(N)= Y Y 

[u] = v 

Let V G (i?/(7r*^)) ^, and pick uo € R^ such that [uq] = v. Then {u G i? : [u] = u} = uo + 
all of whose elements are actually units in R. Therefore 

Y V’(m) = Y + r) = ip{uo) Y 

re{TT>^) re{TT>^) 

[u]=v 


which vanishes since ip is non-trivial on We get G{ip,x) = 0 in this case. 

Now assume that riip) = k > ^{x). Let ip' be the additive character of R/{ii^) that induces 
Ip. Then: 

G{ip,x)= Y ^'(M)x(t‘)= Y Y 

uGR^ vG(R/(tv^))'^ u£R^ 

[u]=v 


As before, let v G (i?/(7r*^))^, and pick uq £ such that [uq] = v- We get 

Y x ( m ) = Y Xiuo + r) = x(uo) Y X(i + Uo^r) = x(uo) Y xi^ + r), 

re(TT>^) re(7T>=) reCirfc) 

[ 14 ]=!) 


which vanishes since x is non-trivial on 1 -|- (tv^). We get G(ip, x) = 0 in this case, as well. 

Case 2: equal valuations. Assume that r{ip) = r(x) = k. Let ip' and x' be the primitive 
characters of R/{'k^) that induce ip, respectively X- We claim that 

G{iP,x) = \Y)\Gi^',x') 
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the latter Gauss sum being over R/{n^). Indeed, each unit of R/{n^) has |('7r*’)| lifts to units of 
R ^, so 

With this reduction step at hand, it suffices to prove that \G{ijj, x)P — 1^1 whenever ip and x 
are primitive. We begin by expanding: 

\G{ip,x)\'^ = 'Piu)x{u)ip{v)x{v) = ^ ip{u-v)x{u/v) 

u,vGR^ u,v^R^ 

= ip{{u-l)v) xiu) ^ Y 

u,v^R^ u^R^ v^R^ 

The contribution of u = 1 is |, and we break up the remainder according to the valuation of 
u — 1-. 

£-1 

\G{ip,x)\^ = \r'^\+Y xh X] 

uSflX 

Let u £ R^ satisfy i/(u — 1) = i, where 0 < i < £ — 1. Note that the associates {(u — l)u : v £ 
R^} represent the set {r : u{r) = i} with multiplicity |(7r^“‘)|. We have 

Y V'((m- 1)^^) = l(7r^"‘)l Y V’(’') = l(7r^"*)l ( Y Y ^(^)) 

vGRX v(r)=i re('ir*) re(7r* + l) 

which vanishes, unless i = £ — 1 in which case it equals — |(7r)|. Here we are using our assumption 
that Ip is non-trivial on each (tt*) for 0 < i < £ — 1. 

Thus 

|G(V’,x)|^ = l-R’"! - l(7r)| Y 

UgflX 

i'(u — l)=£—l 

Now 

Y ^ x(u) = -x(l) = -1 

ueR^ 'uel + (7r^“l) 

up:l 

as X is non-trivial on 1 -f (7r^“^). We conclude that \G{ip,x)^ = + KTr)! — |.R|- D 

Finally, we prove Theorem 15.21 with the help of Lemmas [9T] and 1121 

Proof of Theorem \5.1A In addition to Eo{x) and E{x), consider the higher Eisenstein sums of x 
given by 

E{x,'!^ 1= Y 0<i<£-l 

For i = 0, we recover E{x), while Eo{x) could be thought of as corresponding to i = £. As in the 
proof of Theorem [m we set up linear relations between the Eisenstein sums, with Gauss sums 
as coefficients. 

Let Ip be an additive character on R, and write for the additive character of S induced 
by the trace. Note that has the same valuation as ip, by part i) of Proposition 14.21 Consider 
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x), a Gauss sum over S, and write it as follows: 


'>P{Tr{y))x{y) = X(y) + 5Z ^(Tr(2/)) x(i/) 


Hes> 


yes^ 

Tr(y)^0 


' yes^ 

viTi(y))=i 


The first term is Eo{x)- For each 0 < i < ^ — 1 we compute 

1 


V’(Tr(i/)) x{y) = Y1 Y1 ^(Tr(i/)) xiv) 


yes^ 
!^(Tr(!/)) = “ 


Ktt^ *)| 


u^R'^ y£S^ 

Tr{y) = 7T^u 

x{y) 

y^S'^ 

Tr(y) = 7r^it 


which, after a change of variable y ~ yu in the right-hand inner sum, becomes 
^ V’(Tr(j/)) x{y) = x{u) E{x,tv") 


yes^ 

u{Tr{y)) = i 


u£R^ 


= ^(^W’Xres) E{x,Tt") 

where ■!/>(;) denotes the additive character of R defined by r Summarizing, we have 

shown that 


( 6 ) 


GW'^^X) = Eoix)+ Y. 


G{'lp(i), Xres) 


Eix,'pl¬ 


ease 1 : Xres ^ Xo- Taking ip = ipo in ©, we see that each Gauss sum vanishes so we get 

■Eo(x) = 0. 

Let :/(xres) = k', and pick ip so that viip) = k' . As G(i/>(i), Xres) = 0 for i 7 ^ 0, we get from 
that 

G(V>‘"^X)=G(V>,Xres)J?(x)• 

li k' ^ k then G('!/>'“‘^, x) — 0 while G{ip, Xres) 7 ^ 0, so E{x) = 0. If fe' = A: then 

|G(V>,Xres)r 


Case 2: Xres = Xo- Put 




In particular, eo = — E{x)- 

Taking ip = ipo in ®, we have G(i/>‘“‘^, x) = 0 and G(V>(i), Xres) = G{ipo,xo) = for each 
i, so we get 

r-i 

(7) £;o(x) = ^e,. 

i=0 

Plugging 0 into ®, we are led to 

Giip(i),Xo) 


( 8 ) 


G(^‘"^X) = E(1 


!!?>■ 


)e- 
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Note that the coefficient of a is 0 if V’(i) is trivial; (1 — if is non-trivial but trivial on 

(tt); 1 if 'ip(i) is non-trivial on (tt). If 'Xp has valuation j + 1, then are trivial; 

is non-trivial but trivial on (tt); ... ,i/’(o) = '*/’ are non-trivial on (tt). Thus ([ 8 ]) turns 

into the following relation: 

(9) = eo-I-- ej-i + {1-Cj, v{ip) = j + 1 

We will use on successive values of j. 

For J = 0,..., fe — 2, the Gauss sum in vanishes. Inductively, we get 

eo = ■ ■ ■ = ek-2 = 0 . 


In particular, F(x) = 0 when k > 2. 

For J = fe — 1 we get 

X) = (1 - ek-i- 

As = J^(x) = '''6 have 

|e,_i| = (1 - g-i) |G(V>‘"",X)1 = (1 - 

In particular, when fc = 1 we find that |i?(x)l = |eo|/|I?^l = 

For j = k, 1, the Gauss sum in @ vanishes, once again. We inductively get 

Ck+s = -(1 - q~^) q~‘ Ck-i, s = 0 ,... ,£ - fc - 1. 

Thus, by ([Til, 

i-k-i ,t-k-i . 

'Eo(x) = efc-i + ^ Ck+a = Ck-i - {I - q~^){ ^ q~‘‘\ek-i 

s^O ^ s^O ^ 

-U-k) 

= q Ck-i 

and so we find that 

If fc = 1 then Fo(x) = eo = \R^ \ E{x) = -{q - 1) .E(x). □ 

References 

[ 1 ] N. Alon: Eigenvalues, geometric expanders, sorting in rounds, and Ramsey theory, Combinatorica 6 
(1986), no. 3, 207-219 

[2] N. Alon, F.R.K. Chung: Explicit construction of linear sized tolerant networks, Discrete Math. 72 (1988), 
no. 1-3, 15-19 

[3] N. Alon, P. Pudlak: Constructive lower bounds for off-diagonal Ramsey numbers, Israel J. Math. 122 
(2001), 243-251 

[4] N. Alon, V. Rodl: Sharp bounds for some multicolor Ramsey numbers, Combinatorica 25 (2005), no. 2, 
125-141 

[5] N. Alon, L. Ronyai, T. Szabo: Norm-graphs: variations and applications, J. Combin. Theory Ser. B 76 
(1999), no. 2, 280-290 

[6] B.C. Berndt, R.J. Evans, K.S. Williams: Gauss and Jacobi Sums, Canadian Mathematical Society Series 
of Monographs and Advanced Texts, John Wiley Sz Sons 1998 

[7] G. Bini, F. Flamini: Finite Commutative Rings and Their Applications, Kluwer International Series in 
Engineering and Computer Science 680, Kluwer Academic Publishers 2002 

[8] R. Brooks: Spectral geometry and the Cheeger constant, in ‘Expanding Graphs (Princeton, NJ, 1992)’, 
5-19, DIMACS Ser. Discrete Math. Theoret. Comput. Sci. 10, Amer. Math. Soc. 1993 

[9] R. Brooks, P. Perry, P.V. Petersen: On Cheeger’s inequality, Comment. Math. Helv. 68 (1993), no. 4, 
599-621 

[10] D. Covert, A. losevich, J. Pakianathan: Geometric configurations in the ring of integers modulo p^, 
Indiana Univ. Math. J. 61 (2012), no. 5, 1949-1969 

[11] M. DeDeo, D. Lanphier, M. Minei: The spectrum of Platonic graphs over finite fields. Discrete Math. 
307 (2007), no. 9-10, 1074-1081 

[12] P.E. Gunnells: Some elementary Ramanujan graphs, Geom. Dedicata 112 (2005), 51-63 

[13] K. Gyarmati, A. Sarkozy: Equations in finite fields with restricted solution sets. II (Algebraic equa¬ 
tions), Acta Math. Hungar. 119 (2008), no. 3, 259—280 

[14] D. Hart, A. losevich: Sums and products in finite fields: an integral geometric viewpoint, in ‘Radon 
transforms, geometry, and wavelets’, 129—135, Contemp. Math. 464, Amer. Math. Soc. 2008 


24 


BOGDAN NICA 


[15] D. Hart, A. losevich, D. Koh, M. Rudnev: Averages over hyperplanes, sum-product theory in vector 
spaces over finite fields and the Erdos-Falconer distance conjecture, Trans. Amer. Math. Soc. 363 (2011), 
no. 6, 3255-3275 

[16] J. Kollar, L. Ronyai, T. Szabo: Norm-graphs and bipartite Turdn numbers, Combinatorica 16 (1996), 
no. 3, 399-406 

[17] E. Lamprecht: Allgemeine Theorie der Gaussschen Summen in endlichen kommutativen Ringen, Math. 
Nachr. 9 (1953), 149-196 

[18] D. Lanphier, J. Rosenhouse: Isoperimetric numbers of regular graphs of high degree with applications 
to arithmetic Riemann surfaces, Electron. J. Combin. 18 (2011), no. 1, Paper 164, 16 pp. 

[19] A. Sarkozy: On products and shifted products of residues modulo p. Integers 8 (2008), no. 2, A9 

[20] W.M. Schmidt: Equations over Finite Fields. An Elementary Approach, Lecture Notes in Mathematics 
536, Springer 1976 

[21] T. Szabo: On the spectrum of projective norm-graphs, Inform. Process. Lett. 86 (2003), no. 2, 71—74 

[22] L.A. Vinh: The solvability of norm, bilinear and quadratic equations over finite fields via spectra of 
graphs, Forum Math. 26 (2014), no. 1, 141-175 

[23] L.A. Vinh: Pinned distance sets and k-simplices in vector spaces over finite rings. Preprint (2011) 

Mathematisches Institut, Georg-August Universitat Gottingen 
E-mail address: bogdan.nica@gmail.com 



